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Direct contact condensation in Hiemenz flow boundary layers
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Abstract

Direct contact condensation in two adjacent Hiemenz stagnation-flow boundary layers is investigated numerically

for the cases of saturated and superheated vapor on subcooled liquid. Resulting parametric studies provide detailed

information on the importance of specific parameters and, more importantly, provide heat and mass transfer corre-

lations.

� 2003 Elsevier Ltd. All rights reserved.
1. Introduction

Problems involving direct contact condensation are of

practical interest, as this mode of condensation can offer

enhanced heat transfer rates as compared with filmwise

or dropwise condensation. An example of direct contact

condensation is shown in Fig. 1a, which depicts part of a

safety system in a passive boiling water reactor. In the

case of an accident, condensable vapor is injected into

subcooled liquid from the vent (shown in the figure) at a

velocity vJ to help depressurize the system. If the velocity

of the liquid–vapor interface, vI, is subtracted from the

flowfield, we expect to find a flow as shown in Fig. 1b.

Restricting the domain of interest to the stagnation re-

gion, and neglecting the curvature of the surface, we

obtain a flow as shown in Fig. 1c. With the liquid–vapor

interface separating the two phases, the problem can be

decomposed into two separate stagnation flows. In the

vapor phase, we have a stagnation flow with suction and

similarly in the liquid we have a stagnation flow with

blowing. The flows, however, are clearly coupled by the

interfacial jump conditions discussed below. For each

phase, we can obtain the flow and temperature fields

from the steady, laminar Hiemenz stagnation boundary

layer solution [1,2]. In practice, the flow in the reactor is
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both unsteady and turbulent. The present study, how-

ever, deals with a simpler, obtainable, solution to this

problem and looks into fundamental aspects of laminar

direct contact condensation.

The solution of coupled two-fluid boundary layer

flows has been the subject of previous studies. Wang [3]

studied a non-isothermal stagnation flow on the surface

of a denser fluid in absence of mass transfer. He simpli-

fied the problem by setting the free stream velocity of the

denser fluid equal to zero; for this case the solution of the

momentum equation is known [4]. Gerner and Tien [5]

presented an axi-symmetric condensation solution for

two impinging stagnation jets over a flat interface (Ho-

mann boundary layer flow [2,6]) which took into account

non-condensables. Results are limited to a discussion of

a few cases with specific combinations of variables; no

correlations are derived. Coward and Hall [7] studied an

isothermal stagnation flow over a finite liquid layer with

allowance for mass transfer between the lower wall

boundary and the liquid layer. Boyadjiev and Halatchev

[8] studied the linear stability of an isothermal gas layer

flowing over a liquid layer (Blasius boundary layer flow

[2,9]) with mass transfer through the interface; the con-

centration gradients in the liquid were taken as zero.

Tilley andWeidman [10] studied solutions of two oblique

isothermal stagnation point flows forming a flat inter-

face, without mass transfer, however.

Another group of studies worth noting are those of

film condensation, where a vapor condenses over a

subcooled plate. This physically different situation has

been successfully studied using similarity relations to
ed.
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Nomenclature

a, b constant coefficients

Bp blowing parameter; v0
u1

Re1=2

c constants in u ¼ cx ð1=sÞ
cp specific heat capacity (J/kgK)

hLV evaporation enthalpy; hV � hL (J/kg)

He0 Hiemenz number; ðPL;0 � PV ;0Þ=lc
Ja Jacob number; cpðT1 � T0Þ=hLV
_mm specific mass transfer rate (kg/m2 s)

Nu Nusselt number; ax=k
P pressure (N/m2)

Pr Prandtl number; cpl=k
Re Reynolds number; qcx2=l
T temperature (K)
u tangential velocity (m/s)

v normal velocity (m/s)

vI velocity of the interface in a stationary

frame of reference (m/s)

vJ velocity of steam exiting pipe in a stationary

frame of reference (m/s)

y; x normal and tangential coordinate position

(m)

Greek symbols

a heat transfer coefficient; koT
oy

���
0
=ðT1 � T0Þ

(W/m2 K)

f velocity similarity variable; W=
ffiffiffiffiffiffiffiffi
lxu1
q

q
g position similarity variable; y

ffiffiffiffiffiffi
qu1
lx

q
H temperature similarity variable; ðT � T0Þ=

ðT1 � T0Þ
k thermal conductivity (W/mK)

l dynamic viscosity (N s/m2)

q density (kg/m3)

W stream function such that u ¼ oW=oy and

v ¼ �oW=ox (m2/s)

U correction coefficient for superheat

Subscripts

0 coordinate location y ¼ 0

1 coordinate location y ¼ 1
i phase; i 2 fL; V g
j coordinate location j 2 ðx; yÞ
L liquid phase

sat saturated

sup superheated

V vapor phase
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account for various effects such as non-condensables

[11], varying flow properties [12], and superheated vapor

[13]. A review of film condensation can be found in [14].

A similar study to the present one was performed by

Davis and Yadigaroglu [15] for the condensation of a

saturated vapor on subcooled liquid with a curved

interface (curvature a function of x). The authors

determined a correlation for mass transfer; however, the

study did not include the effects of vapor superheat or

varying viscosity ratio. Moreover, in the previous paper

a surface tension force was considered, which, due to the

requirement of matching the pressure gradients at the

interface resulted in a non-flat interfacial topology of

varying curvature; this introduced the free-stream

velocities as independent variables. In the present paper

we solve the direct contact condensation problem for a

flat interface (no surface tension force), for both satu-

rated and superheated vapor and study the effects of the

viscocity ratio on heat and mass transfer.

The remainder of the paper is broken up as follows. In

Section 2, the conservation equations and bound-

ary conditions for each phase are described. Section 3

then provides the coupling between phases by introduc-

ing the interfacial jump conditions. Next, the solution

algorithm is discussed in Section 4 along with a simplified
solution. Section 5 then discusses results for the case of

saturated vapor on subcooled liquid. Finally, Section 6

discusses results for the case of superheated vapor on

subcooled liquid.
2. Conservation equations

The Hiemenz boundary layer flow [1] is a two-

dimensional, steady-state flow for which the conserva-

tion equations for mass, u- and v-momentum and energy,

for each phase i, are:

oui
oxi

þ ovi
oyi

¼ 0 ð1Þ

qiui
oui
oxi

þ qivi
oui
oyi

¼ li
o2ui
oy2i

� oPi
oxi

ð2Þ

qui
ovi
oxi

þ qivi
ovi
oyi

¼ li
o2vi
oy2i

� oPi
oyi

ð3Þ

cp;iqiui
oTi
ox

þ cp;iqivi
oTi
oy

¼ ki
o2Ti
oy2

ð4Þ



Fig. 1. (a) Injection of vapor in a stationary frame of reference. (b) View of dashed area in a frame of reference moving with velocity

of the interface vI. (c) Closeup of stagnation region. (d) Coordinate system setup.
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with boundary conditions,

yi ! 1 ui ! ui;1
Ti ! Ti;1

�
; yi ¼ 0

ui ¼ ui;0
vi ¼ vi;0
Ti ¼ Ti;0 ¼ Tsat

8<
: ð5Þ

where, at the freestream boundary (yi ! 1), the po-

tential solution

ui ¼ cixi; vi ¼ �ciyi ð6Þ

Pi ¼ Pi;0 �
1

2
qic

2
i x2i
�

þ y2i
�

ð7Þ

Ti ¼ Ti;0 þ Ti;1ð � Ti;0Þerf
ffiffiffi
2

p

2
Pr1=2i

qici
li

� �1=2

yi

" #
ð8Þ

is recovered. The coordinate system used is shown in 1d

where the interface is taken at yV ¼ yL ¼ 0. Allowance

for tangential movement of fluid at the boundary

(yi ¼ 0) is provided using ui;0 ¼ ci;0xi. Next, using the

stream function, Wi,

ui ¼
oWi

oyi
; vi ¼ � oWi

oxi
ð9Þ
and similarity relations

fiðgiÞ � Wi

ffiffiffiffiffiffiffiffiffiffiffiffi
qi

licix
2
i

r
; gi � yi

ffiffiffiffiffiffiffiffi
qici
li

r
ð10Þ

HiðgiÞ �
Ti � Ti;0
Ti;1 � Ti;0

ð11Þ

the governing Eqs. (1)–(4) are transformed into a set of

non-dimensional ordinary differential equations:

f000i þ fif
00
i � ðf0iÞ

2 þ 1 ¼ 0 ð12Þ

H00
i þ PrifiH

0
i ¼ 0 ð13Þ

where the superscripts 0,
00
, and 0 depict the derivatives o3

og3,
o2

og2, and
o
og respectively. Similarly, the boundary condi-

tions (5) become

gi ! 1
f0i ! 1

Hi ! 1

(
; gi ¼ 0

fi ¼ �Bp;i

f0i ¼ ui;0=ui;1
Hi ¼ 0

8><
>: ð14Þ
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where

Bp;i � vi;0c
�1=2
i

qi

li

� �1=2

ð15Þ

Eqs. (12) and (13) with boundary conditions (14)

describe the Hiemenz boundary layer flow. It is impor-

tant to note that f and H in these equations depend only

on g and are independent of x. The pressure distribution
within the boundary layer, is given by

Pi ¼ Pi;0 þ licið1� f0iÞ �
1

2
licif

2
i �

1

2
qic

2
i x

2
i ð16Þ

which upon differentiating with respect to x becomes

oP
ox

����
i

¼ �qic
2
i xi ð17Þ

The complete derivation of these equations can be found

in a number of texbooks (see for example Schlichting [2]

or Kays and Crawford [16]) and is not repeated here.
Fig. 2. Problem setup for subcooled liquid on superheated

vapor.
3. Interfacial jump conditions

In addition to satisfying the conservation equations

in the bulk of the liquid and vapor phases, one must

assure that the interfacial jump conditions are met be-

tween phases. Starting with the interfacial jump condi-

tions [17], and allowing no slip at the interface (i.e.

uL;0 ¼ uV ;0) we obtain for the mass, momentum (nor-

mal), momentum (tangential), and thermal jump con-

ditions, respectively:

_mm ¼ �qLvL;0 ¼ qV vV ;0 ð18Þ

PL;0 � PV ;0 ¼ _mm2 1

qV

�
� 1

qL

�
ð19Þ

�lL
ov
ox

�
þ ou

oy

�
L;0

¼ lV
ov
ox

�
þ ou

oy

�
V ;0

ð20Þ

kV
oT
oy

����
V ;0

þ kL
oT
oy

����
L;0

¼ _mmhLV ð21Þ

These equations are valid for a system with two different

y-coordinate directions, as shown in Fig. 1d. Next, a

relation between the free-stream velocity ratio and the

density ratio is found through the differentiation of (19)

with respect to x, considering (18), and noting that vi;0
(and consequently _mm) is independent of xi which results in

oP
ox

����
L

¼ oP
ox

����
V

ð22Þ

Finally, inserting (17) into (22) results in

uV ;1
uL;1

¼ qL

qV

� �1=2

ð23Þ

Eqs. (18)–(21) can be re-written in non-dimensional

form:
Bp;L

Bp;V
¼ � qV

qL

� �1=4 lV

lL

� �1=2

ð24Þ

HeL;0 ¼
B2
p;L

2

qL

qV

�
� 1

�
þ uV ;0

uV ;1

�
þ lV

lL
1

�
� uV ;0
uV ;1

�	

� qL

qV

� �1=2

� 1 ð25Þ

f00ð0ÞL
f00ð0ÞV

 !
¼ � qL

qV

� �1=4 lV

lL

� �1=2

ð26Þ

JaV
Bp;V PrV

H0
V ð0Þ �

JaL
Bp;LPrL

H0
Lð0Þ ¼ 1 ð27Þ

Eqs. (24), (26) and (27) are equivalent to those found in

[5]. The normal momentum interfacial jump condition

(25), however, was not presented by the authors of [5].

This equation defines the pressure jump at the interface.
4. Problem setup and solution algorithm

We solve (12) and (13) with boundary conditions (14)

for both the liquid and vapor phases, iterating to match

the interfacial jump conditions (24)–(27). It should be

emphasized that these equations are independent of x.
We investigate the two cases of condensation of satu-

rated and superheated vapor on subcooled liquid. A

diagram of the present setup is shown in Fig. 2 for the

general case including superheating of the vapor.

The procedure chosen to solve the system of equa-

tions for the case of superheated vapor on subcooled

liquid is shown in Fig. 3. First, by providing the values

of qV =qL and lV =lL and initially guessing Bp;V , Bp;L can

be calculated from (24). To prevent the possibility of

cases where evaporation may occur, Bp;V was restricted



Fig. 3. Solution algorithm for superheated vapor injected into

subcooled liquid.
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to the range Bp;V 6 0. Similarly, given uV ;0=uV ;1, uL;0=uL;1
is calculated using (23) noting that uV ;0 ¼ uL;0. Knowing

Bp;i and ui;0=ui;1, the vapor and liquid momentum

boundary layer equations are solved. Next, using the

resultant f00ð0Þi, we check to verify whether the interface

condition (26) is satisfied. If it is not within a given

tolerance, Bp;V is updated and the momentum boundary

layer equations re-solved. Once convergence has been

obtained for the velocity fields, the liquid boundary

layer equation is solved to obtain H0
Lð0Þ and the given

JaL is used in (27) to obtain JaV . For this iterative pro-

cedure, the Bisection method was used which converges

comparatively slower than other methods, but is guar-

anteed to converge (provided a solution exists).

The solution procedure for the case of saturated

vapor on subcooled liquid differs only sightly from that

described above. First, JaL and PrV are not provided as

input, nor is the vapor thermal boundary layer solved.

Finally, with JaV ¼ 0 for saturated vapor, JaL is solved

for instead of JaV .
The solution of the boundary layer Eqs. (12) and (13)

is found using an implicit, fully second-order accurate,

finite-difference solver. These equations are linearized

using Picard’s method and are solved with oct-precision

(64 digits) via the software package ‘‘quad-double’’.

Convergence studies on these equations were performed

and dictated usage of 50,000 grid points.
4.1. Potential solution

For the case qL=qV ¼ 1, one can obtain an analytical

solution to the momentum and thermal boundary lay-

ers. Setting qL=qV ¼ 1 in (23) one obtains uV ;1=uL;1 ¼ 1.

From Davis and Yadigaroglu [15] one finds that the

only solution which satisfies this relation is uV ;0=
uV ;1 ¼ uL;0=uL;1 ¼ 1. This is the potential solution (6)

which, in non-dimensional form, becomes:

fi ¼ gi ð28Þ

Hi ¼ erf

ffiffiffi
2

p

2
Pr1=2i gi

" #
ð29Þ

Using (28) with (26) requires that lL=lV ¼ 1. Finally,

using (28) and (29) in (24)–(27) with qL=qV ¼ 1, lL=
lV ¼ 1, and uV ;0=uV ;1 ¼ uL;0=uL;1 ¼ 1 one obtains

Bp;L ¼ �Bp;V ð30Þ

HeL;0 ¼ 0 ð31Þ

Bp;L ¼ �
ffiffiffi
2

p

r
JaV Pr

�1=2
V



þ JaLPr

�1=2
L

�
ð32Þ

Thus, to obtain the potential solution, one is required to

provide the Jacob and Prandtl numbers for each phase.

This case is of interest since any mass transfer correla-

tions derived should reduce to this solution when

qL=qV ¼ 1, lL=lV ¼ 1, and uL;1=uV ;1 ¼ 1.
5. Case 1: Condensation of saturated vapor on subcooled

liquid

For the case of saturated vapor condensing on sub-

cooled liquid, a parametric study was performed with a

total of 640 combinations of variables, with lL=lV 2
f10; 20; 33:3; 40g, qL=qV 2 f10; 100; 500; 1000g, PrL 2
f0:5; 1; 5; 10g, 0:05 < uV ;0=uV ;1 < 0:43. Values were

chosen in the range expected in water, however, it was

not possible to determine, a priori, values for uV ;0=uV ;1.
A parametric study was, thus, necessary to determine

which combinations of these parameters would result in

a solution. In addition to these variables, the potential

solution (28)–(32) was also calculated for the range of

JaL and with PrL given.

5.1. Results: Momentum transfer

The momentum boundary layer is found, from (14),

to depend on two variables, viz., ui;0=ui;1 and Bp;i. As

shown in Appendix A, the momentum boundary layer is

affected more by ui;0=ui;1 than by Bp;i, for the range of

interest, and the velocity ratio is thus used to describe

the momentum boundary layer. The effects of varying

JaL, qL=qV , and lL=lV on uV ;0=uV ;1 are shown in Fig. 4.



Fig. 4. (top): Effects of varying qL=qV and JaL on uV ;0=uV ;1 for lL=lV ¼ 20 and PrL ¼ 1 (bottom): Effects of varying lL=lV and JaL on
uV ;0=uV ;1 for qL=qV ¼ 1000 and PrL ¼ 1.
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First, the effect of increasing the liquid subcooling

(�JaL) is shown in Fig. 4 (top). For small subcooling,

one finds that uV ;0=uV ;1 is practically independant of JaL,
suggesting that in this region the development of the

momentum boundary layer is independent of the mass

transfer rate that is influenced by the thermal boundary

layer only. For larger subcooling (�JaL > 0:01), mass

transfer increases (as shown later) and the momentum

boundary layer becomes increasingly affected; the cou-

pling between the momentum and thermal boundary

layers becomes increasingly important. It is interesting

to note that, as subcooling increases, uV ;0=uV ;1 ap-

proaches the potential solution (described in Section

4.1). This is, however, more of an academic exercise

since for a substance such as water, for a range of 1
bar 6 P 6 5 bar, JaL � �0:15 produces a temperature

difference of approximately DT ¼ 80 K. Since, for

practical applications involving water, DT < 100 K, we

limit our computations to JaL 6 � 0:1 where the

momentum boundary layer is found to be relatively

independent of subcooling.

The effect of the density ratio qL=qV on the vapor

momentum boundary layer is shown in Fig. 4 (top)

where one finds that as qL=qV increases, the resulting

uV ;0=uV ;1 decreases. An increase in qL=qV (or identically

an increase in qL) causes, through matching of the

pressure gradients across the interface (23), a decrease in

uL;1 for a constant uV ;1. With an increase in liquid

density, the tangential interfacial velocity, ui;0, decreases;
a decrease in uV ;0=uV ;1 follows.
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Similar trends are shown in Fig. 4 (bottom) for the

viscosity ratio where an increase in lL=lV results in a

decrease in uV ;0=uV ;1. The effect of varying the viscosity

ratio is, however, much smaller than that found for the

density ratio (for the ranges investigated). First, an in-

crease in lL=lV (or equivantly an increase in lL) does not

affect the freestream velocity ratio, uL;1=uV ;1, controlled

by (23). Through the tangential momentum interfacial

jump condition (26) and noting the variation caused in

f00ð0Þi by a change in ui;0=ui;1 (see Appendix A) one finds

that an increase in lL=lV causes a decrease in ui;0 and

thus a decrease in ui;0=ui;1.

Finally, it is worth noting the effect of varying PrL on
the momentum boundary layer. At low subcooling, PrL
is found to have no effect on uV ;0=uV ;1, since it was

already noted that the momentum boundary layer is

independent of the thermal boundary layer here. Only

above �JaL > 0:01 is the momentum boundary layer

affected. In this region, an increase in PrL results in a

decrease in uV ;0=uV ;1.

5.2. Results: Mass transfer

As shown by (15), the blowing parameter, Bp;i, which

is directly related to mass transfer is used to describe the

mass transfer. Since, for the present case, the vapor

phase is saturated, JaV is identically zero and the thermal

interfacial jump condition (27) becomes

Bp;L ¼ � JaLH
0
Lð0Þ

PrL
ð33Þ

The effect of varying JaL, qL=qV , and PrL on Bp;L

is shown in Fig. 5. First, an increase in subcooling is

found to result in a linear increase in mass transfer, as

expected. The effect of increasing either qL=qV or lL=lV

on mass transfer is found to be small (for the range

investigated). Condensation (Bp;L) increases slightly with

qL=qV as shown in Fig. 5 (top); an even smaller decrease

was found for lL=lV . This trend is a result from the fact

that for an increase in qL=qV , an increase in uL;0=uL;1
results and for an increase in lL=lV a small decrease in

uL;0=uL;1 was observed. From Appendix A, this results

in an increase in H0
Lð0Þ with qL=qV and a decrease in

H0
Lð0Þ with lL=lV . Finally, Fig. 5 (bottom) shows the

effect of varying PrL (equivalent to varying kL) on mass

transfer. Here one finds that PrL has a much more

pronounced effect than the viscosity or density ratios

and results in a decrease in mass transfer with PrL.
Since, the effects of varying PrL on the momentum

boundary layer are shown to be relatively small, the

effect of varying PrL comes from the thermal interfacial

jump condition (33).

Although an increase in PrL results in an increase in

H0
Lð0Þ [16] (also shown in Appendix A), the inversely

proportional effect of PrL on Bp;L is stronger and Bp;L

decreases with PrL.
5.3. Correlation of the mass transfer rate

Using the results of the computations, a correlation

was found for the relationship between Bp;L, JaL and the

other parameters, which is independent of x, and took

the form

Bp;L ¼ �
ffiffiffi
2

p

r
lL

lV

� ��1=20 qL

qV

� �1=20

Pr�1=2
L JaL ð34Þ

valid for the range 16qL=qV 6 1000, 106 lL=lV 6 40,

0:56 PrL 6 10, and �1:0� 10�1
6 JaL 6 � 1:0� 10�5. It

should be noted that this form of the correlation reduces

to the potential solution result (32) when qL=qV ¼
lL=lV ¼ 1 and JaV ¼ 0:

Bp;L ¼ �
ffiffiffi
2

p

r
Pr�1=2

L JaL ð35Þ

A comparison of the Bp;L calculated using (34) with

Bp;L found as a result of the computations is shown in

Fig. 6. Here, for the range of Bp;L used, good agreement

is found, with all values falling within an error range of

�15%. Next, we compare our results of Bp;L using (34) to

results reported for the axi-symmetric, Homann flow,

condensation solution of [18] for the range of JaL used in

the present study. Results of the comparison are shown

in Table 1, where good agreement is found. This

agreement is not surprising since the Homann and

Hiemenz momentum boundary layer profiles are similar

[6]. To compare (34) with experimentally obtained mass

fluxes one must first combine (15) and (18) resulting in

_mm ¼ �Bp;L cLlLqLð Þ1=2 ð36Þ

No direct comparison with experiments was possible,

since no values of cL are reported in the literature.

5.4. Results: Heat transfer coefficient

Often in the literature, experimental results involving

heat and mass transfer are presented in terms of a liquid-

side heat transfer coefficient, aL, defined as

aL �
kL oT

oy

���
L;0

ðTL;1 � TL;0Þ
ð37Þ

Using the similarity relations (9)–(11) and (6) this

relation can be re-written in a familiar non-dimensional

form:

NuL ¼ H0
Lð0ÞRe

1=2
L ð38Þ

Inserting (27) into (38), with JaV ¼ 0, one obtains a

relationship for the non-dimensional heat transfer

coefficient, Nu=Re1=2:

NuL
Re1=2L

¼ �Bp;LPrL
JaL

ð39Þ



Fig. 5. (top): Effects of varying qV =qL and JaL on Bp;L for lL=lV ¼ 20 and PrL ¼ 1 (bottom): Effects of varying PrL and JaL on Bp;L for

qL=qV ¼ 1000 and lL=lV ¼ 20.
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Finally, inserting the correlation found for Bp;L (34) into

(39) one obtains a correlation for the heat transfer

coefficient:

NuL
Re1=2L

¼
ffiffiffi
2

p

r
lL

lV

� ��1=20 qL

qV

� �1=20

Pr1=2L ð40Þ

It is interesting to note that this relation is indepen-

dent of JaL. Since the present study is limited to a low

range of Bp;L, which, as shown in Appendix A, when

varied has little effect on the momentum and thermal

boundary layers, it is of interest to compare our results

to those for the case Bp;L ¼ 0. From Kays and Crawford

[16] the Nusselt correlation for a Hiemenz flow with

Bp;L ¼ 0 is
NuL ¼ 0:81Re1=2L Pr0:4L ð41Þ

which is comparable to (40) in as much as both corre-

lations show a weak dependance on viscosity.
5.5. Results: Interfacial pressure jump

An often neglected quantity is the pressure jump at

the liquid–vapor interface. Noting the definition of

HeL;0, which is a normalized pressure jump, a relation-

ship can be found using (14), (16), (23), (24) and (25):

HeL;0 ¼ B2
p;L

qL

qV

�
� 1

�
ð42Þ
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Fig. 6. Comparison of Bp;L with estimated Bp;L from (34).

Table 1

Comparison of Bp;L computed from an axi-symmetric solution [18] and those computed using (34)

JaL Substance Bp;L

Axi-symmetric Present study

1.91· 10�4 H2O 10�4 1.4· 10�4

1.90· 10�3 H2O 10�3 1.4· 10�3

1.85· 10�2 H2O 10�2 1.3· 10�2

3.1 · 10�2 R12 10�2 1.4· 10�2

9.2 · 10�3 K 10�1 1.8· 10�1
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Using the correlation for Bp;L (34) in (42), one obtains

HeL;0 ¼
2

p
lL

lV

� ��1=10 qL

qV

� �1=10

Pr�1
L Ja2L

qL

qV

�
� 1

�
ð43Þ
6. Case 2: Condensation of superheated vapor on sub-

cooled liquid

For the case of superheated vapor condensing on

subcooled liquid, a parametric study was performed

with a total of 10,240 combinations of variables using

lL=lV 2 f10; 20; 33:3; 40g, qL=qV 2 f10; 100; 500; 1000g,
PrL 2 f0:5; 1; 5; 10g, PrV 2 f0:75; 1; 1:25; 1:5g, �JaL 2
f10�4; 10�3; 10�2; 10�1g and, 0:05 < uV ;0=uV ;1 < 0:43,
chosen to correspond to values expected in water.

Here, we also obtained the solution to the potential

flow problem (28)–(32) for the range of JaV , JaL, PrL, and
PrV .
6.1. Results: Mass transfer

As in the case of saturated vapor on subcooled liquid,

we use Bp;L as a measure of mass transfer. To include the

effect of superheat, we assume that mass transfer for the

case of superheated vapor, Bp;L;sup, can be described as

the mass transfer found in a saturated case, Bp;L;sat,

multiplied by a correction factor taking into account the

effects of superheat, Usup:

Bp;L;sup ¼ Bp;L;satUsup ð44Þ

Using (24),(27) and (33) one finds an analytical

relation for Usup:

Usup ¼ 1� qV

qL

� �1=4 lV

lL

� �1=2 PrL
PrV

� �
�JaV
JaL

� �
H0

V ð0Þ
H0

Lð0Þ

 !

ð45Þ

Using (44) and (34), the results of the present compu-

tations for Usup for various JaV , JaL, qL=qV , lL=lV , PrL,
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and PrV are shown in Figs. 7, 8. First, one finds that, for

low superheats, the effect on mass transfer is small, as

expected. As the superheat increases, the liquid becomes

unable to absorb all the latent heat of the vapor and the

rate of mass transfer decreases.

Next, Fig. 7 (top) shows the effect of varying qL=qV on

Usup. Here one finds that Usup increases with the density

ratio, lessening the negative effect of the superheat. This

is readily seen in (45) where limqL=qV !1 Usup ¼ 1. Similar

effects are found in Fig. 7 (bottom) where an increase in

lL=lV results in an increase in Usup, lessening again the
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Fig. 7. (top): Effects of varying qV =qL and JaV on Usup for lL=lV ¼ 2

lL=lV and JaV on Usup for qL=qV ¼ 1000, PrL ¼ 1, PrV ¼ 1, and JaL ¼
effects of superheat. The effects of varying PrL and PrV on

Usup are found to have a similar effect as that of qL=qV .

Here, however, an increase in PrL results in a decrease in

Usup, whereas an increase in PrV results in a increase in

Usup, thus enhancing the effects of superheat. Finally, the

effect of varying JaL on Usup is shown in Fig. 8. Here one

finds that increasing the liquid subcooling results in an

increase in Usup.

To obtain a correlation for Usup, the dimensionless

interfacial temperature gradient ratio H0
V ð0Þ=H0

Lð0Þ in

(45) was assumed to take the form
e+00

JaV

JaV

1.0e+01

e+00 1.0e+01

0, PrL ¼ 1 PrV ¼ 1, and JaL ¼ �0:1 (bottom): Effects of varying

�0:1.
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Table 2

Coefficients for Usup correlation in (47)

b1 b2 b3 b4 b5 b6 b7

Usup < 0:1 0.875 )0.110 )0.170 0.175 )0.220 )0.380 0.375

0:1PUsup < 0:3 0.855 )0.098 )0.143 0.148 )0.188 )0.330 0.360

0:3PUsup < 0:6 0.750 )0.100 )0.160 0.150 )0.190 )0.365 0.420

Usup P 0:6 0.580 )0.130 )0.145 0.165 )0.250 )0.510 0.645
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Fig. 9. Comparison of Usup with estimated Usup from (47).

J. Davis, G. Yadigaroglu / International Journal of Heat and Mass Transfer 47 (2004) 1863–1875 1873



1874 J. Davis, G. Yadigaroglu / International Journal of Heat and Mass Transfer 47 (2004) 1863–1875
H0
V ð0Þ

H0
Lð0Þ

¼ a1
qL

qV

� �a2 lL

lV

� �a3

Pra4L Pra5V ð�JaLÞa6Jaa7V ð46Þ

which when replaced in (45) leaves

Usup ¼ 1� b1
qL

qV

� �b2 lL

lV

� �b3

Prb4L Prb5V ð � JaL Þb6Jab7V

ð47Þ

where the ai and bi are constant coefficients. Using (47),

the results were found to fit best with the coefficients

shown in Table 2, valid for the range 16 qL=qV 6 1000,

106 lL=lV 6 40, 0:56 PrL 6 10, 0:756 PrV 6 1:50, 1:1�
10�4

6 JaV 6 9:7� 100, and �1:0� 10�1
6 JaL 6 � 1:0�

10�4. Here, an iterative strategy is required to determine
Fig. 10. Solutions to Hiemenz boundary layer equatio
which coefficients to use. A comparison of the Usup cal-

culated using (47) with the computed Usup values is

shown in Fig. 9. The agreement is not as good as that for

the saturated case. However, there is acceptable agree-

ment for higher values of Usup and, in general, the

agreement deteriorates with decreasing Usup. We note

that the source of error in this correlation is from the

assumed form of H0
V ð0Þ=H0

Lð0Þ. Finally, we make a

comparison of the results for water. For a given satu-

ration pressure in the range 1–5 bar and a temperature

range 10–70 �K one finds [19] that the liquid and vapor

Jacob numbers fall in the ranges 10�2 < �JaL < 10�1

and 10�2 < JaV < 10�1. Using (47) (and noting that

variations of Pri, qL=qV , and lL=lV are secondary effects)
ns for the vapor (left) and liquid phase (right).
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one finds that Ucorr � 1. This suggests that the effects of

superheat for practical applications involving water are

negligible, which is in accordance with [5,12].
7. Conclusions

Parametric studies for direct contact condensation in

a Hiemenz flow of saturated and superheated vapor on

subcooled liquid have been performed numerically. For

the case of saturated vapor we find that:

• The effects of varying qL=qV and lL=lV on mass

transfer are small, compared to the effects of PrL
and JaL.

• Enhanced mass transfer can be obtained by increas-

ing �JaL, qL=qV or decreasing PrL, lL=lV .

• Mass transfer is represented well by (34) which can be

used to define a correlation for the heat transfer coef-

ficient (40) and compute the interfacial pressure dif-

ference (43). Results are independent of x.

For the case of superheated vapor we find that:

• Varying lL=lV , qL=qV , PrL, PrV , and JaL has little ef-

fect on Ucorr for small values of the superheat, larger

effects for larger values of JaV .
• Enhanced mass transfer can be obtained by increas-

ing �JaL, PrV , qL=qV , lL=lV or decreasing JaV , PrL.
• Mass transfer for superheated vapor has been shown

to correlate reasonably well as a correction to mass

transfer in saturated vapor using (44) and (47). The

results are, again, independent of x.
Appendix A. Solutions to the Hiemenz boundary layer

equations

The Hiemenz flow boundary layer equations for

phase i are:

f000i þ fif
00
i � ðf0iÞ

2 þ 1 ¼ 0 ðA:1Þ

H00
i þ PrifiH

0
i ¼ 0 ðA:2Þ

with the boundary conditions

gi ! 1 f0i ! 1

Hi ! 1

(
; gi ¼ 0

fi ¼ �Bp;i

f0i ¼ ui;0=ui;1
Hi ¼ 0

8<
: ðA:3Þ

The solution to these equations solved independently for

both the vapor and liquid phases, for the ranges of Bp;i,

ui;0=ui;1, and Pri expected in the study, are shown in Fig.

10. First, for both the liquid and vapor phase one finds

that f00ð0Þi and H0
ið0Þ are relatively insensitive to Bp;i

when jBp;ij < 0:1. This suggests that below this limit an
increase in mass transfer will not alter significantly either

the momentum or temperature boundary layers. For the

momentum boundary layer, an increase in uV ;0=uV ;1
results in a decrease in f00ð0ÞV and an increase in H0

V ð0Þ.
For the liquid phase, an increase in uL;0=uL;1 results in an

increase in both �f00ð0ÞL and H0
Lð0Þ. Finally, an increase

in the Prandtl number for both the liquid and vapor

phase result in an increase in H0
ið0Þ.
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